


TABLES OF PLANE GALACTIC ORBITS 

WITH SPIRAL FIELD 

K. Grossman 
I n s t i t u t e  for Space S t u d i e s  

Goddard Space Flight Center ,  NASA 
New York, N. Y. 

and 

C.  Yuan 
C i t y  College of New York 

New York, N. Y. 

I 



TABLES O F  PLANE GALACTIC ORBITS WITH SPIRAL FIELDS 

Preface  

Th i s  set of t a b l e s  forms a s e q u e l  t o  t h e  set  "Tables  of 

Plane Galact ic  O r b i t s "  by Contopoulos and Stromgren, pub l i shed  

by t h e  I n s t i t u t e  f o r  Space S tud ie s ,  NASA, i n  1 9 6 5 .  The 1 3 6 5  

tables w e r e  p repareu  f o r  the purpose of q u i c k l y  l o c a t i n g  t h e  

p l a c e  of o r i g i n  of a s t a r  now i n  t h e  s o l a r  v i c i n i t y  when i t s  

age and i t s  present-day v e l o c i t y  components are  known. I t  w a s  

r e a l i z e d  even then  t h a t  t h e  omission of t h e  s p i r a l  g r a v i t a t i o n a l  

f i e l d  could  cause  s i g n i f i c a n t  d e v i a t i o n s  i n  the computated p l a c e  

of o r i g i n ,  b u t  it w a s  dec ideu  t o  have t h e s e  tables  prepared  as 

a f i r s t  approximation t o  t h e  d e s i r e d  r e s u l t ,  s i n c e  no r e l i a b l e  

in fo rma t ion  about  the s p i r a l  f i e l d  w a s  a v a i l a b l e  a t  t h a t  t i m e .  

The s p i r a l  s t r u c t u r e  of t h e  galaxy became bet ter  understood 

a f t e r  Lin  and Shu ( 1 9 6 4 ,  1 9 6 6 )  cieveloped B e r t i l  L indb lad ' s  

d e n s i t y  wave concept  i n t o  a d e f i n i t e  mathematical  theory ;  b u t  

i t  w a s  on ly  around t h e  t i m e  of t he  Ivoordwijk Symposium, a f t e r  

L i n ' s  e x t e n s i v e  s t a y  a t  t h e  I n s t i t u t e  fo r  Auvanced Study,  

P r i n c e t o n  ( 1 9 6 5 - 6 6 ) ,  t h a t  we r e a l i z e d  t h a t  t h e  p a t t e r n  speed of 

t n e  s p i r a l  cierisi ty waves i n  t h e  Galaxy should  be i n  t h e  neigh- 

borhood of 1 1 - 1 4  kn/sec-kpc, r a t h e r  t h a n  any va lue  c l o s e  t o  t h e  

a n g u l a r  speed of t h e  c i r c u l a r  motion i n  t h e  s o l a r  v i c i n i t y .  

S t i l l ,  it w a s  d i f f i c u l t  t o  decide upon 

p a t t e r n  speed,  the p r e c i s e  form of the 

a t i o n  (phase a n g l e ) ,  and t h e  i n t e n s i t y  

a p r e c i s e  va lue  f o r  t h e  

s p i r a l  wave, i t s  o r i e n t -  

of t h e  s p i r a l  g r a v i t a t i o n a l  
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f i e l d .  Furthermore,  t h e r e  may be t h e  need t o  i n c l u d e  a group 

of such waves. 

By us ing  the k inemat i ca l  da ta  on stars then  a v a i l a b i e  

and through p a t i e n t  experimentation w i t h  d i f f e r e n t  sets of nu- 

mer i ca l  va lues  by Yuan, a s i n g l e  two-armed s p i r a l  p a t t e r n ,  wi th  

uniform p i t c h  ang le  i = 6 2 2  and t r a v e l l i n g  a t  an angu'ar speed 

52 = 13.5  km/sec-kpc, w a s  f i n a l l y  adopted i n  t h e  paper  by Lin,  

Shu, and Yuan ( 1 9 6 9 ) .  Such a s p i r a l  f i e l d  (wi th  o t h e r  para-  

meters s p e c i f i e d  i n  t h e  paper c i t e d )  i s  superposed on t h e  

symmetrical  f i e l d  used by Contopoulos and Strgmgren (1965) f o r  

t h e  s tudy  of t h e  migra t ion  of s t a r s ,  and s u c c e s s f u l  r e s u l t s  

were obta ined .  

P 

The c o m p a t i b i l i t y  between t h e  angu la r  speed R = 13.5  
P 

km/sec-kpc and t h e  p i t c h  ang le  i = 6 2 2  was a matter of some 

concern.  I t  w a s  reso lved  on ly  a f t e r  Shu developed a theory  t o  

account  f o r  t h e  e f f e c t  of the f i n i t e  t h i ckness  of  t h e  g a l a c t i c  

d i s k .  This  theory  was based on  c e r t a i n  p l a u s i b l e  approximations,  

b u t  i t s  v a l i d i t y  w a s  confirmed by Vandervoort ( 1 9 6 9 )  on a more 

r igo rous  b a s i s .  Thus, i t  w a s  only a f t e r  t h e  Basel Symposium 

t h a t  complete confidence could  be given t o  t h e  c o m p a t i b i l i t y  of 

our  method of a n a l y s i s .  

I n  view of t h e  u n c e r t a i n t i e s  i n  t h e  de te rmina t ion  of t h e  

parameters  a s s o c i a t e d  wi th  t h e  s p i r a l  p a t t e r n ,  w e  have decided 

t o  provide  t a b l e s  

inc luded  i n  t h e s e  

f o r  a range of t h e s e  parameters .  W e  have n o t  

t a b l e s  t h e  case of zero s p i r a l  f i e l d  (TJ = 0 )  , 
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s i n c e  ou r  r e s u l t s  agreed w i t h  the  o r i g i n a l  t a b l e s  by Contopoulos 

and Stromgren. A s  more d a t a  on i n d i v i d u a l  s ta rs  became a v a i l -  

a b l e ,  t h e r e  may be a need t o  r e -eva lua te  t h e  d e t e r m i n a t i o n  

adopted by L in ,  Yuan, and Shu. In  t h e  meantime, t h o s e  v a l u e s  

appear  t o  be s a t i s f a c t o r y  f o r  the a n a l y s i s  of e x i s t i n g  d a t a .  

I t  

The tables  may a l s o  be used t o  c o n s t r u c t  t h e  frequency 

d i s t r i b u t i o n  of  loca l  stars of var ious  age groups,  i n  t h e  velo-  

c i t y  space ,  a f t e r  a s p i r a l  p a t t e r n  i s  adopted.  Th i s  has  been 

carried o u t  by Yuan. The r e s u l t s  can be used f o r  d i r e c t  c o m -  

p a r i s o n  w i t h  k inemat i ca l  d a t a .  

T u 0  e f f o r t  has  been made t o  i n c l u d e  t h e  e f f e c t  of a 

d e n s i t y  d i s t r i b u t i o n  i n  t h e  Orion arm. A n a l y t i c a l  s t u d i e s  of 

such a c o r r e c t i o n  should perhaps be made t o  supplement t h e  

in fo rma t ion  g iven  i n  t h e  fo l lowing  tables . '  

The p a t i e n t  work of D r .  Yuan and D r .  Grossman i n  exper-  

imen ta t ion  and i n  compiling these  tables r e q u i r e s  extremely 

h i g h  s k i l l ,  and t h e  t a s k  was e x c e l l e n t l y  completed.  W e  hope 

t h a t  t h e s e  t . ab les  w i l l  prove va luab le  t o  people  i n t e r e s t e d  i n  

the m i g r a t i o n  of l oca l  stars and t h e i r  p l a c e s  of o r i g i n .  

The work i s  carried o u t  a t  t h e  I n s t i t u t e  f o r  Space 

S t u d i e s ,  NASA,  N e w  York C i t y  and a t  t h e  Massachuset ts  I n s t i t u t e  

of Technology, where t h e  work of C.  C. Lin and C. Yuan i s  

suppor t ed  i n  p a r t  by g r a n t s  from t h e  Na t iona l  Sc ience  Found- 

a t i o n  and t h e  Na t iona l  Aeronaut ics  and Space Admin i s t r a t ion .  

W e  w i s h  also t o  thank D r .  Robert J a s t r o w  f o r  h i s  s u p p o r t  of 

t h i s  program. 
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I .  I n t r o d u c t i o n  

Qu i t e  o f t e n  i n  t h e  world of s c i e n c e ,  t w o  a p p a r e n t l y  un- 

r e l a t e d  s u b j e c t s  of r e s e a r c h  may some day merge i n t o  a 

s ide-by-side i n t e r a c t i o n .  Such an i n t e r a c t i o n  i s  extremely 

impor t an t  f o r  t h e  s c i e n t i f i c  development because it n o t  on ly  

makes t h e  independent  check p o s s i b l e ,  b u t  allows f o r  new ideas 

which could never  be reached i n d i v i d u a l l y .  The purpose of t h e  

p r e s e n t  s e t  of t a b l e s  i s  t o  provide a medium for t h e  i n t e r a c t i o n  

of two of t h e  m o s t  impor t an t  developments i n  recent y e a r s  i n  

astronomy, S t r6mgren ' s  p h o t o e l e c t r i c  narrow-band photometry and 

t h e  Lin-Shu density-wave theo ry  of g a l a c t i c  s p i r a l .  

L ike  i t s  p redecesso r ,  "Tables of P lane  G a l a c t i c  O r b i t s "  

by Contoupolos and StrEmgren (1965), t h e  p r e s e n t  p u b l i c a t i o n  i s  

p repa red  so t h a t  t h e  p l a c e  of o r i g i n  f o r  t h e  moderately young 

s t a r s  now i n  t h e  s o l a r  v i c i n i t y  can be e a s i l y  locat ,ed.  S ince  

t h a t  p u b l i c a t i o n ,  t h e  s p i r a l  s t r u c t u r e  of t h e  Milky Way System 

has become b e t t e r  understood both o b s e r v a t i o n a l l y  and t h e o r e t i c -  

a l l y .  A r e l i a b l e  s p i r a l  p a t t e r n  (Lin,  Shu, and Yuan, 1 9 6 9 ;  

Yuan, 1969) has  now been included i n  t h e  p r e s e n t  tables.  The 

emphasis,  t h e r e f o r e ,  i s  s h i f t e d  t o  t h e  unders tanding  of t h e  

s t r u c t u r e  of the Milky Way System i n  a more q u a n t i t a t i v e  

f a s h i o n .  The p r e s e n t  set  of t a b l e s  i s  compiled f o r  t h e  fol low- 

i n g  s t u d i e s :  (1) t o  e s t a b l i s h  d e f i n i t e  ev idence  f o r  t h e  d e n s i t y  

wave t h e o r y ,  ( 2 )  t o  determine more p r e c i s e l y  t h e  p a t t e r n  speed 
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I 

and t h e  s t r e n g t h  of t h e  s p i r a l  g r a v i t a t i o n a l  f i e l d ,  ( 3 )  t o  

i n i t i a t e  o ther  s t u d i e s  concerning t h e  loca l  s p i r a l  s t r u c t u r e ,  

such a s  t h e  v e r t e x  d e v i a t i o n  and t h e  Orion s p u r ,  and ( 4 )  t o  

sugges t  t h e  s t e l l a r  ages ,  on t h e  b a s i s  of t h e  k inemat ic  

c o n d i t i o n s ,  f o r  t hose  nearby s t a r s  t o  which Strbmgren 's  method 

becomes r e l a t i v e l y  i n s e n s i t i v e  (e .g. , t hose  loca ted  in the lower 

h a l f  of  t h e  main sequence.]  

The p h o t o e l e c t r i c  narrow-band (HB and uvby) photometry 

w a s  f i r s t  in t roduced  by Str&ngren i n  t h e  e a r l y  f i f t i e s  ( S t r G m -  

g ren ,  1951,  1 9 5 2 ,  1956a, 1956b). Like many o t h e r  systems of 

s p e c t r a l  c l a s s i f i c a t i o n ,  t h e  purpose w a s  t o  e s t a b l i s h  a method 

through which t h e  e s s e n t i a l  c h a r a c t e r i s i t i c s  of a star can be 

ob ta ined  by observing a f e w  s e l e c t e d  i n d i c e s  de r ived  from t h e  

p r o p e r t i e s  of i t s  o p t i c a l  spectrum. Because of i t s  wide range 

of a p p l i c a b i l i t y  and i t s  s i m p l i c i t y  i n  o p e r a t i o n ,  t h i s  system 

has been widely adopted among t h e  o p t i c a l  astronomers.  One 

g r e a t  advantage of t h i s  system, r e s u l t i n g  from t h e  r e c e n t  

developments by Strgmgren and h i s  c o l l a b o r a t o r s  (Crawford, 

K e l s a l l ,  Pe r ry ,  e t . a l . ,  see re fe rences )  i s  i t s  accuracy i n  t h e  

de t e rmina t ion  of t h e  age and t h e  photometr ic  d i s t a n c e  f o r  t h e  

upper-half  main-sequence s t a r s  i n  t h e  s o l a r  v i c i n i t y .  Accord- 

i n g  t o  StrGmgren (19671 ,  t h e  probable error i n  t h e  age deter- 

mina t ion  i s  narrowed t o  less than +15% and t h e  space v e l o c i t y  

of a s t a r  c a l c u l a t e d  from i t s  photometric d i s t a n c e  only  s u f f e r s  

an  error less than  1 0 % .  W i t h  such a g r e a t  accuracy,  it is  now 

- 
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meaningful t o  c a l c u l a t e  t h e  place of o r i g i n  f o r  t h e  nearby s t a r s .  

S t a r s  are gene ra l ly  bel ieved t o  be formed i n  t h e  s p i r a l  

arm. The r e c e n t  development of the  density-wave theory  has  

indeed demonstrated a process  of s ta r  formation along t h e  s p i r a l  

arm, which agrees  very  w e l l  w i t h  a l l  t h e  o b s e r v a t i o n a l  evidence 

(Roberts  1 9 6 9 ) .  Us ing  t h e  i d e a  of t h i s  p h y s i c a l  p rocess ,  w e  

can immediately set  up an independent check between Stromgren 's  

age de te rmina t ion  and t h e  density-wave theory .  The h i s t o r y  of 

mig ra t ion  of an i n d i v i d u a l  s ta r  t o  i t s  p l a c e  of formation can  

be t r a c e d  o u t  wi th  t h e  kinematic  p r o p e r t i e s  s p e c i f i e d  by Str:m- 

g r e n ' s  method. While t h e  h i s t o r y  of  t h e  i n d i v i d u a l  s t a r  i s  

being c a l c u l a t e d ,  t h e  s p i r a l  p a t t e r n  a t  t h e  s a m e  t i m e  is  made 

t o  ro t a t e  backwards a s  a r i g i d  body according t o  t h e  dens i ty -  

wave theo ry .  W e  can,  t h e r e f o r e ,  check whether those nearby 

stars M e r e  indeed formed i n  t h e  s p i r a l  arms of our  Galaxy as 

expected.  O r  t o  be more p r e c i s e ,  does t h e r e  e x i s t  a p a t t e r n  

speed and a reasonable  s p i r a l  g r a v i t a t i o n a l  f i e l d  such t h a t  

t h e  nearby s t a r s  a r e  found t o  be formed i n  t h e  s p i r a l  arms of 

the t h e o r e t i c a l  p a t t e r n ?  The f i r s t  s tudy  by Yuan (see Lin ,  Shu, 

Yuan 1969; Yuan 1 9 6 9 )  based on t h e  2 5  l a t e  B s t a r s  whose k i n e -  

ma t i c  cond i t ions  were determined by Str8mgren showed t h a t  S t r 8 m -  

g r e n ' s  system and L i n ' s  theory  a re  completely compatible i n  t h i s  

sense. The range of t h e  p a t t e r n  speed so ob ta ined  ( 1 2 - 1 4  

km/sec-kpc), i s  c o n s i s t e n t  wi th  the  t h e o r e t i c a l  s p i r a l  p a t t e r n ,  

and t h e  range of s t r e n g t h  of  t h e  s p i r a l  g r a v i t a t i o n a l  f i e l d  

(4 -7% of  t h e  mean f i e l d )  is a l s o  reasonable  as checked by t h e  

I1  
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s y s t e m a t i c  motion of n e u t r a l  hydrogen i n  t h e  g a l a c t i c  p l ane .  

One impor tan t  imp l i ca t ion  r e s u l t i n g  from t h a t  s tudy  

i s  t h a t  t h e  s p i r a l  g r a v i t a t i o n a l  f i e l d ,  s m a l l  as it is ,  p l a y s  a 

d e c i s i v e  ro le  i n  dec id ing  t h e  b i r t h  p l a c e  for t h e  moderately 

young stars. It may cause a s t a r  t o  d e v i a t e  from i t s  t r u e  

l o c a t i o n  of o r i g i n  by 2 o r  3 kpc a long  i t s  own t r a j e c t o r y  i n  

t h e  frame r o t a t i n g  a t  a given p a t t e r n  speed.  This  i s  s u f f i -  

c i e n t  t o  b r i n g  t h e  p l a c e  of formation of a s t a r  from t h e  s p i r a l  

a r m  t o  t h e  in te r -a rm r e g i o n ,  and hence p l a c e s  a r a t h e r  s i g n i -  

f i c a n t  l i m i t  t o  t h e  use  of t h e  t a b l e s  of Contoupolos and 

Strgmgren. 

f i e l d  i s  inc luded  i n  t h e  p r e s e n t  c a l c u l a t i o n s  so t h a t  t h e  

o r i g i n a l  i d e a s  of Contoupolos and Strgmgren can be f u l l y  

u t i l i z e d .  T o  i n c l u d e  t h e  s p i r a l  f i e l d  i s  by no means a s imple  

m a t t e r .  It r e q u i r e s  a r a t h e r  complete knowledge of t h e  s p i r a l  

s t r u c t u r e  of t h e  Milky Way, e s p e c i a l l y  f o r  t h e  r eg ion  7 - 1 3  

kpc from t h e  g a l a c t i c  c e n t e r .  We s h a l l  n o t  reproduce t h e  de- 

t a i l e d  d i s c u s s i o n s  here (see Yuan 1 9 6 9 ) .  Some g e n e r a l  

f e a u t r e s ,  however, w i l l  he summarized i n  S e c t i o n  11. 

T o  r e s o l v e  t h i s  s i t u a t i o n ,  the s p i r a l  g r a v i t a t i o n a l  

It might  be noted  t h a t  some of t h e  r e s u l t s  c i t e d  above 

are based on t h e  behavior  of t h e  twenty- f ive  stars. A s  more 

s t a r s  are ana lyzed ,  w e  s h a l l  expec t  more r e l i a b l e  and d e f i n i t e  

ev idence  i n  suppor t  of t h e  density-wave t h e o r y .  The p r e s e n t  

t a b l e s  are,  i n  p a r t i c u l a r ,  cons t ruc t ed  f o r  such purposes .  Once 

t h e  k inemat i c  d a t a  of t h e  nearby stars become a v a i l a b l e ,  w e  can, 



d i r e c t i o n s .  F i r s t ,  cons ide r  t h e  w e l l  known phenomenon of t h e  

v e r t e x  d e v i a t i o n .  I f  t h e  s ta rs  a r e  uniformly formed i n  t h e  

ga l ac t i c  p l ane ,  t h e  a n a l y s i s  of  s t e l l a r  dynamics would g i v e  an 

1 
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major a x i s  p o i n t i n g  towards t h e  a n t i - c e n t e r  d i r e c t i o n  for  t h e  

nearby stars. Y e t  a l l  t h e  obse rva t ions  have shown t h a t  t h a t  

a x i s  i s  turned  by about  25' f r o m  i t s  o r i g i n a l  o r i e n t a t i o n .  If 

t h e  format ion  of t h e  nearby stars were c o n c e n t r a t e d  i n  t h e  

Pe r seus  A r m  and t h e  S a g i t t a r i u s  A r m ,  w e  should e x p e c t  some 

kind of d e v i a t i o n  i n  t h e  d i s t r i b u t i o n  of t h e i r  d i s p e r s i o n  

v e l o c i t y .  Some p r e l i m i n a r y  i n v e s t i g a t i o n s  have indeed shown 

t h e  p l a u s i b i l i t y  of t h i s  approach (Lin ,  Strgmgren and Yuan 1 9 7 0 ) .  

Secondly,  w e  can estimate t h e  in f luence  of t h e  Orion spur  by 

ana lyz ing  t h e  h i s t o r y  of t h e  migra t ion  of t h e  r e l a t i v e l y  young 

stars, s a y ,  under 1 0 0  m i l l i o n  years .  These stars presumably 

have been a f f e c t e d  by t h e  g r a v i t a t i o n a l  f i e l d  associated w i t h  

t h e  Orion spur  f o r  a longer  po r t ion  of t h e i r  l i f e t i m e .  I f  t h e i r  

b i r t h  p l a c e s ,  as t r a c e d  back, a r e  d e c i d e d l y  d e v i a t e d  away from 

t h e  t w o  major a r m s  as  determined by o t h e r  s t u d i e s  c i t e d  above, 

w e  know t h a t  there i s  a s u b s t a n t i a l  c o n c e n t r a t i o n  of m a s s  a long  

t h e  Orion s p u r .  Otherwise,  t h e  Orion s p u r  is  probably  j u s t  a 

luminous p a t c h  wi thou t  g r e a t  dynamical s i g n i f i c a n c e .  

When t h e  density-wave theory and St rgmgren ' s  method of age  

de t e rmina t ion  are s u f f i c i e n t l y  e s t a b l i s h e d  w i t h  each o t h e r  by 

t h e  above procedure ,  t h e  t a b l e s  can be used  t o  sugges t  t h e  

I a g e s  f o r  t h o s e  s t a r s  fo r  which Strgmgren 's  method becomes 

r e l a t i v e l y  i n a c c u r a t e .  The l o c a t i o n  and t h e  space  v e l o c i t y  a t  

b i r t h  form a c r i t e r i o n  f o r  such sugges t ions .  The f a v o r a b l e  
I 

I 

I age f o r  a s t a r  should be such t h a t  it was formed i n s i d e  t h e  
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s p i r a l  a r m  w i th  a r easonab le  space v e l o c i t y  ( less than  

30 km/sec, s ay )  i n  t h e  neighborhood of t h e  observed age.  

The p h y s i c a l  parameters  and t h e  t h e o r e t i c a l  model w i l l  

Some mathematical  p rocedures  a r e  be d i s c u s s e d  i n  S e c t i o n  11. 

p r e s e n t e d  i n  S e c t i o n  111. T h e  l a s t  s e c t i o n  w i l l  be  devoted t o  

d e t a i l e d  d e s c r i p t i o n  of t h e  t a b l e s  and diagrams as w e l l  as 

o t h e r  f u n c t i o n s .  
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11. Phvsical  Parameters  

(a)  S p i r a l  P a t t e r n  

C l e a r l y ,  t h e  d e c i s i o n  on t h e  adopt ion  of t h e  s p i r a l  

p a t t e r n  f o r  t h e  Milky Way System i s  t h e  m o s t  d i f f i c u l t  p a r t  i n  

i n c l u d i n g  t h e  s p i r a l  g r a v i a t i o n a l  f i e l d  i n  t h e  c a l c u l a t i o n s .  

There i s  no agreed s p i r a l  S t r u c t u r e  among t h e  o b s e r v e r s ,  no r  

any g e n e r a l l y  accepted  t h e o r e t i c a l  s p i r a l  p a t t e r n .  The 

density-wave theo ry ,  i n  f a c t ,  i s  t h e  on ly  theo ry  which allows 

t h e  c o n s t r u c t i o n  of a l a rge - sca l e  s p i r a l  s t r u c t u r e .  Applying 

t h e  scheme sugges ted  by t h e  theory,  Lin and Yuan w e r e  a b l e  t o  

o b t a i n  a two-arm s p i r a l  p a t t e r n  which i s  a l s o  compat ib le  w i t h  

t h e  o b s e r v a t i o n s  (Lin,  Shu and Yuan 1969;  Yuan 1 9 6 9 a ) .  I t  i s  

based on t h e  s p i r a l  p a t t e r n  t h a t  t h e  p r e s e n t  c a l c u l a t i o n s  are 

c a r r i e d  o u t .  The d e c i s i o n ,  a s  remarked, w a s  n o t  a s imple  one. 

A del icate  ba lance  be tween t h e  theory  and t h e  o b s e r v a t i o n s  

must be main ta ined  from t i m e  t o  t i m e  th roughout  t h e  s tudy .  We 

s h a l l  r e f e r  t h e  d e t a i l e d  d i s c u s s i o n s  t o  t h e  above c i t e d  papers .  

The adopted s p i r a l  p a t t e r n  i s  p resen ted  i n  F igu re  1. 

One g r e a t  advantage about  t h i s  theoret ical  p a t t e r n  i s  t h a t  it 

can be  approximated almost  p e r f e c t l y  by a l o g a r i t h m i c  s p i r a l  

p a t t e r n  i n  t h e  r eg ion  of  i n t e r e s t .  The degree  of p e r f e c t i o n  i n  

t h e  approximation i s  demonstrated i n  F igu re  1. Th i s  s i m p l i f i e s  

o u r  c a l c u l a t i o n s  tremendously.  N e  on ly  need t o  s p e c i f y  t w o  

parameters  i n  o r d e r  t o  d e f i n e  a t h e o r e t i c a l  p a t t e r n .  They a r e  
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t h e  p i t c h  angle  and t h e  r e fe rence  p o i n t .  The former de te rmines  

t h e  p a t t e r n  and t h e  l a t t e r  fixes t h e  o r i e n t a t i o n .  T o  be more 

p r e c i s e ,  cons ide r  t h e  p o l a r  coord ina te s  (6, e ) ,  where 6 i s  t h e  

g a l a c t o - c e n t r i c  d i s t a n c e  measured i n  kpc and 0 i s  t h e  ang le  

measured clockwise from t h e  r a y  pas s ing  through t h e  sun from 

t h e  g a l a c t i c  c e n t e r .  A l oga r i thmic  two-arm s p i r a l  may be 

d e f i n e d  by t h e  fo l lowing  equat ion  

In  (6/6 1) = c o n s t a n t  
2 

2 (.e-a,) - 
t a n  i 

i n  which t h e  p i t c h  ang le  C>O) is denoted by -i and t h e  r e f e r e n c e  

p o i n t  1 i s  taken  t o  be t h e  c e n t e r  of t h e  S a g i t t a r i u s  arm 

i n  t h e  d i r e c t i o n  of t h e  g a l a c t i c  c e n t e r .  

i =-6O.2 and ( G l , @ l )  = (8 .26 ,  0') .  

1 
For t h e  p r e s e n t  c a s e ,  

(b) The G r a v i t a t i o n a l  F i e ld  

Once t h e  s p i r a l  p a t t e r n  is s p e c i f i e d ,  t h e  g r a v i t a t i o n a l  

p o t e n t i a l  i s  r e l a t i v e l y  easy  t o  w r i t e  o u t .  The p o t e n t i a l  

V ( 6, 8 ,  t) 

t h e  s p i r a l  p a r t  V1 (6 ,  0 , t ) .  

adopted by Contoupolos and Stromgren aga in  f o r  V o ( 6 )  , s o  t h a t  

has  two components, t h e  symmetr ical  p a r t  Vo ( 6) and 

W e  s h a l l  use  t h e  f o r c i n g  f u n c t i o n  
11 

( 2 )  & =  G j n 2 = - - - - - . -  73340 1581.8 + 3442.036 - 4 0 2 . 6 2 1 6 '  + 12.9402; '  
- 2  a;; w 
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i n  which R i s  t h e  mean angu la r  v e l o c i t y  of t h e  g a l a c t i c  

r o t a t i o n .  The r o t a t i o n  curve  der ived  from t h e  above e q u a t i o n  

ag rees  extremely w e l l  w i t h  t h e  1965 Schmidt model f o r  t h e  

range 4-14 kpc. The s p i r a l  p o t e n t i a l  V on t h e  o t h e r  hand, 

t a k e s  t h e  fo l lowing  form i n  t h e  con tex t  of t h e  density-wave 

theo ry .  

1' 

i n  which t h e  s i n u s o i d a l  v a r i a t i o n  i s  assumed. The ampl i tudes ,  

I A l  i s  a s lowly  va ry ing  func t ion  of G and w i l l  be t r e a t e d  a s  a 

c o n s t a n t  here;S2 i s  t h e  p a t t e r n  speed; t i s  t h e  t i m e .  The 

s t r e n g t h  of t h e  s p i r a l  g r a v i t a t i o n a l  f i e l d 1 3 V l / 3 3 1  = 2A/tan i 

i s  u s u a l l y  measured by t h e  l o c a l  mean f i e l d .  T h u s ,  i n  t h e  

fo l lowing  c a l c u l a t i o n s ,  we s h a l l  r e f e r  t o  it as  a q u a n t i t y  I? 

d e f i n e d  a s  

P 

q = 2 A / ( 6 , f i O 2  t a n  i) 

where t h e  s u b s c r i p t  denotes  t h e  va lue  taken  a t  t h e  loca l  s tand-  

a r d  of rest .  A s  w e  have poin ted  o u t  t h a t  t h e  v a l u e  of  rl i s  

l i m i t e d  t o  a narrow range 4-7% f r o m  our  prev ious  s t u d i e s ,  w e  

s h a l l  choose four  s e p a r a t e  numbers. e q u a l  t o  4,5,6 and 7 % .  The 

t h e o r e t i c a l  s p i r a l  p a t t e r n  (.Fig. 1) is  o b t a i n e d  a t  a p a t t e r n  

speed e q u a l  t o  11.5 km/sec-kpc. However, a v a l u e  13.5 km/sec-kpc 

should  be  used i n  t h e  a c t u a l  case a f t e r  t h e  theo ry  i s  modif ied 
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by i n c l u d i n g  t h e  e f f e c t s  of th-e f i n i t e  t h i c k n e s s  and t h e  

presence  of the gas  (Shu 1 9 6 8 ) .  

(c)  The P a t t e r n  Speed 

S t r i c t l y  speaking,  as  t h e  s p i r a l  p a t t e r n  i s  chosen, w e  

must u se  t h i s  p a t t e r n  speed i n  t h e  o r b i t a l  c a l c u l a t i o n s .  Never- 

t h e l e s s ,  p a t t e r n  speeds which are s l i g h t l y  d i f f e r e n t  from t h e  

t h e o r e t i c a l  p a t t e r n  speed w i l l  be a l lowed i n  order t o  account  

f o r  t h e  p o s s i b l e  inaccuracy  involved i n  t h e  p rocess  of d e t e r -  

mining t h e  t h e o r e t i c a l  p a t t e r n .  A s  c i t e d  ear l ier ,  t h e  range 

of t h e  p a t t e r n  speed is l i m i t e d  t o  1 2 - 1 4  km/sec-kpc. Consider- 

i n g  t h e  volumes i n  t h e  p u b l i c a t i o n ,  we s h a l l  c a l c u l a t e  on ly  

f i v e  cases 1 2 ,  1 2 . 5 ,  13, 1 3 . 5 ,  and 14 km/sec-kpc. 

(d)  P r e s e n t  Kinematic Condit ions 

I n  o r d e r  t o  c a r r y  o u t  the  numer ica l  computat ions,  w e  

s t i l l  have t o  s p e c i f y  t h e  i n i t i a l  c o n d i t i o n s  of a s t a r ,  

i n c l u d i n g  i t s  p r e s e n t  l o c a t i o n  and t h e  space  v e l o c i t y ,  and 

f i n a l l y  a t y p i c a l  age w e  i n t e n d  t o  cover .  Due t o  t h e  uncer- 

t a i n t y  i n  c o r r e c t i n g  t h e  i n t e r s t e l l a r  reddening,  S t romgren ' s  

method becomes less a c c u r a t e  f o r  t h e  main-sequence stars much 

11 

, beyond 1 0 0  pc  from us .  T h i s  s e t  of t a b l e s  t h e r e f o r e  would 

I app ly  l a r g e l y  t o  t h o s e  r e l a t i v e l y  nearby stars. For con- 
I 

1 

venience ,  t h e i r  p r e s e n t  l o c a t i o n s  are a l l  t aken  t o  be  a t  t h e  
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l o c a t i o n  of t h e  sun ,  i . e . ,  ( 3 , 0 )  = (10,O"). The e r r o r s  

caused by t h i s  approximation a r e  i n s i g n i f i c a n t  a s  f a r  as o u r  

p r e s e n t  purposes  are concerned. 

It i s  w e l l  known t h a t  t h e  space  v e l o c i t i e s  of t h e  e a r l y  

t y p e  stars a r e  g e n e r a l l y  l o w .  T h e i r  r a d i a l  ( 2 )  and t a n g e n t i a l  

( 0 )  components a r e  u s u a l l y  less than 30 km/sec i n  a b s o l u t e  

magnitude. The re fo re ,  we s h a l l  t a k e  bo th  p r e s e n t  r a d i a l  

v e l o c i t y  and t a n g e n t i a l  v e l o c i t y  i n  t h e  range from -30 t o  +30 

km/sec. Contoupolos and Stromgren used as i n t e r v a l  1 0  km/sec 

i n  t h e i r  tables.  S ince  it makes t h e  i n t e r p o l a t i o n  somewhat 

d i f f i c u l t ,  w e  have dec ided  here t o  u s e  an i n t e r v a l  of 5 km/sec 

i n  o r d e r  t o  improve t h e  s i t u a t i o n .  

I I  

(e )  The Range of t h e  S t e l l a r  Age 

11 

Stromgren ' s  method of age de te rmina t ion  s u f f e r s  an error 

of - +15%.  I n  o t h e r  words, a s t a r  w i t h  a s p e c i f i e d  age of 300 

m i l l i o n  y e a r s  may b e  formed a t  t i m e  between 255 and 3 4 5  m i l l i o n  

y e a r s  ago. A per iod  of 90 m i l l i o n  y e a r s  normally would occupy 

a 3 kpc arc on i t s  t r a j e c t o r y  i n  t h e  f r a m e  r o t a t i n g  a t  t h e  

g iven  p a t t e r n  speed,  and it would be  e q u a l l y  p o s s i b l e  t o  p l a c e  

t h e  s t a r  i n s i d e  t h e  s p i r a l  arm or  i n  t h e  in t e r - a rm reg ion .  Any 

age beyond 300 m i l l i o n  y e a r s  simply makes t h i s  ambigui ty  even 

m o r e  pronounced. W e  s h a l l ,  t h e r e f o r e ,  c a r r y  our  c a l c u l a t i o n s  

up t o  an  age a f  3 0 0  m i l l i o n  years. I t  might  be also noted  

t h a t  t h e  l i m i t a t i o n  on t h e  number of volumes t o  be pub l i shed  

a l s o  c o n t r i b u t e s  t o  t h i s  cho ice .  
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I t  should  n o t  be mistaken t h a t  t h e  o r b i t a l  c a l c u l a t i o n s  

of t h i s  k ind  are useless f o r  s ta rs  o l d e r  t h a n  300 m i l l i o n  

y e a r s .  In f a c t ,  they nay inform us  of v a l u a b l e  s t a t i s t i c s  on 

t h e  k inemat i c s  of  nearby stars.  Undoubtedly, such in fo rma t ion  

would be more u s e f u l  i f  o t h e r  u n c e r t a i n t i e s  such as t h e  v a l u e s  

of % and q, could  be p r o p e r l y  removed. 

( f )  Summary on t h e  Adopted P h y s i c a l  Parameters 

p a t t e r n  speed s2 
P 

r a t i o  of g r a v i t a t i o n a l  f i e l d s , q  

p i t c h  angle -i 

r e f e r e n c e  p o i n t  (Gl, 0 1 )  

f o r c i n g  f u n c t i o n  

p r e s e n t  v e l o c i t y ,  bo th  r a d i a l  
and t a n g e n t i a l  

p r e s e n t  l o c a t i o n  

upper l i m i t  f o r  t h e  s t e l l a r  age 

1 2 ,  12.5,  13,  13.5,  1 4  km/sec-kpc 

4 ,5 ,6 ,7% 

6:2 

(.8.26, 0') 

Contoupolos and Strgmgren (1965) 

-30 - +30 km/sec, w i t h  an 
i n t e r v a l  5 km/sec 

(10,OO) 

300 m i l l i o n  y e a r s  



111 O r b i t a l  C a l c u l a t i o n s  

Having dec ided  on the s p i r a l  p a t t e r n  and the i n i t i a l  

( p r e s e n t )  c o n d i t i o n s  of a s t a r ,  we can immediately proceed t o  

s o l v e  t h e  equa t ions  of motion which, i n  t he  p o l a r  c o o r d i n a t e s ,  

a r e  w e l l  known a s  fo l lows  

- d ' G  = I?[----- d e  l 2  - 
d t  d t  a i j  

(4) 

i n  which V ( G , e , t )  = V o ( G )  + V ( G , e , t ) .  From the concept  of the  

density-wave theo ry ,  the s p i r a l  s t r u c t u r e  would be  q u a s i - s t a t i o n -  
1 

a r y  looking from t h e  frame r o t a t i n g  a t  the given p a t t e r n  speed. 

I t  i s  t h e r e f o r e  most convenient  t o  t reat  t h e  dynamical problem 

i n  t h a t  frame so t h a t  t h e  p o t e n t i a l  i s  s t eady .  I n  doing  so,  w e  

s h a l l  i n t r o d u c e  a new v a r i a b l e  J, = 8-$2 t. I n  t e r m s  of I/J, t h e  

equa t ions  of motion t ake  t h e  fol lowing form 
P 

2 
- =  ij(- dJ, + fiP' d2G 
d t  d t  

- (;fi2 - ijoR20+sinA) 
w 

i n  which A = -214 - (2 / tan  i) I n  ( G / i i l ) .  
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The non- l inear  system is solved by t h e  s t a n d a r d  

Runge-Kutta method wi th  a s t e p  1 0  6 y e a r s  i n  t. 

r e s u l t s  have been checked by two independent  programmings; one 

a t  t h e  computation c e n t e r  of t h e  Massachuset ts  I n s t i t u t e  of 

Technology ant! t h e  o t h e r  a t  t h e  I n s t i t u t e  f o r  Space S t u d i e s ,  

Goddard Space F l i g h t  Cen te r ,  New York. Two a d d i t i o n a l  checks 

w e r e  a l s o  performed. F i r s t  by subdiv id ing  t h e  i n t e g r a t i o n  time 

s t e p  and second by comparing resu l t s  wi th  t a b l e s  of Contoupoles 

and St rgmgren ' s  when was se t  t o  ze ro :  Both cases a s s u r e  a l l  

t h e  f i g u r e s  i n  numerical  r e s u l t s  p r i n t e d  i n  t h e  p r e s e n t  se t  of 

t a b l e s .  

The numerical  

I n  a d d i t i o n ,  diagrams of t h e  s p i r a l  p a t t e r n  and t h e  

t ra jector ies  w i t h  d i f f e r e n t  p r e s e n t  v e l o c i t y  are p resen ted  w i t h  

t h e  t a b l e s .  The advantages of t h i s  p r e s e n t a t i o n  a r e  t h a t  i t  

n o t  on ly  g i v e s  us  c l e a r  ideas on t h e  h i s t o r y  of mig ra t ion  of 

each i n d i v i d u a l  s t a r ,  i n  p a r t i c u l a r ,  t h e i r  r e l a t i v e  l o c a t i o n s  

wi th  r e s p e c t  t o  t h e  s p i r a l  p a t t e r n ,  b u t  a l s o  makes t h e  i n t e r -  

p o l a t i o n  job much s imple r  and more d i r e c t .  
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IV. Desc r ip t ion  of t h e  Tables 

A s  w e  have j u s t  mentioned, t h e  p u b l i c a t i o n  i s  composed 

of t h r e e  p a r t s ,  (1) t h e  in t roduc to ry  t e x t ,  ( 2 )  t h e  tab les  and 

( 3 )  t h e  diagrams. 

t h e  tables  and t h e  diagrams. 

I n  t h i s  s e c t i o n  w e  s h a l l  e x p l a i n  how t o  use  

( a )  Tables  

Th i s  se t  of t a b l e s  conta ins  f i v e  volumes, cor responding  

N a t u r a l l y ,  w e  have a r ranged  t o  f i v e  d i f f e r e n t  p a t t e r n  speeds.  

them i n  t h e  fo l lowing  way: 

V O l .  I Q = 12 km/sec-kpc 

V O l .  I1 

VOl. I11 Q = 13 km/sec-kpc 

Vol. IV R = 13.5 km/sec-kpc 

VOl. v R = 14 km/sec-kpc 

I n  each volume, a l l  f o u r  v a l u e s  of q are c a l c u l a t e d .  

P 

P 

P 

P 

P 

R = 1 2 . 5  km/sec-kpc 

They appear  on each page i n  t h e  o r d e r  upper  l e f t ,  upper  r i g h t ,  

lower l e f t  and lower r i g h t  corresponding t o  q = 4,5,6 and 7% 

r e s p e c t i v e l y .  

r e p r e s e n t i n g  d i f f e r e n t  combinations of  p r e s e n t  k inemat ic  con- 

d i t i o n s .  

o u t  f o r  every  10 m i l l i o n  yea r s .  

There a r e  1 6 9  pages of t a b l e s  i n  each volume 

The r e s u l t s  of t h e  numerical  c a l c u l a t i o n s  are p r i n t e d  

The n o t a t i o n  used i n  the tables  i s  i l l u s t r a t e d  as fo l lows:  

t i m e  i n  m i l l i o n  y e a r s ;  t h e  n e g a t i v e  s i g n  means i n  t h e  p a s t .  T 

PI g a l a c t i c - c e n t r i c  d i s t a n c e  G ,  i n  kpc. 

- 1 6  - 



Theta angu la r  d i sp lacement  8 i n  degree i n  t h e  f i x e d  c o o r d i n a t e  

frame . 
U space  v e l o c i t y  a long  G ,  i . e . ,  dG/dt i n  km/sec. 

V space  v e l o c i t y  i n  t h e  c i r c u m f e r e n t i a l  d i r e c t i o n ,  i . e . ,  

G 6  - GQ, i n  km/sec. 

X x-axis  of r e c t a n g u l a r  coord ina te s  seated a t  t h e  g a l a c t i c  

c e n t e r  i n  t h e  frame r o t a t i n g  a t  t h e  g iven  p a t t e r n  speed.  

The a x i s  i s  p o i n t i n g  east  i n  t h e  u s u a l  p l a n e  view of t h e  

Galaxy, and measured i n  kpc .  

Y y -ax is  of t h e  above r ec t angu la r  c o o r d i n a t e s .  I t  p o i n t s  

towards t h e  sun and i s  measured i n  kpc. 

The a l p h a b e t  a f t e r  t h e  age i n d i c a t e s  t h e  temporary l o c a t i o n  of 

the star.  These  l e t te rs  des igna te  t h e  fo l lowing  d i f f e r e n t  

r eg ions  of t h e  f o u r  major s p i r a l  arms. 

Phase Angle 

A - --2?T 
2 

C 0 ?T - - -  
2 

D 0 - ?T/2 

3 E -?T - 2 n  
2 

Locat ion  

Pe r seus  A r m ,  Outer  h a l f  

Pe r seus  A r m ,  I n n e r  h a l f  

S a g i t t a r i u s  A r m ,  Outer  h a l f  

S a g i t t a r i u s  A r m ,  I n n e r  h a l f  

Norma-Scutum A r m ,  Outer  h a l f  
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Phase Angle Loca t ion  

r 21T - - S T  
2 

G - ' I T  - 4 7  
2 

Norma-Scutum A r m ,  I n n e r  h a l f  

I n n e r  A r m  ( j o i n i n g  S a g i t t a r i u s  

Arm) ,  Outer  h a l f  

H 4 lT-  - 9 7 r  I n n e r  A r m  ( j o i n i n g  S a g i t t a r i u s  
2 

A r m ) ,  I n n e r  h a l f  

AS t h e  s p i r a l  arm winds,  it w i l l  merge i n t o  ano the r  a r m  

a f t e r  one f u l l  c y c l e .  T o  avoid  ambigui ty ,  w e  have a s s igned  C ,  

for  i n s t a n c e ,  t o  the r eg ion  between t w o  s p i r a l  l i n e s  s p e c i f i e d  

by A = -  - IT and A = 0 r e s p e c t i v e l y  u n t i l  t h i s  s t r i p ,  winding 
2 

counterwise ,  e n t e r s  i n t o  t h e  a r m  o u t s i d e  t h e  Pe r seus  a t  t h e  

l o c a t i o n  8 = 0"  o r  $ = O o  aga in .  L i k e w i s e ,  w e  have t h e  c o r r e s -  

pondence between t h o s e  let ters and t h e  phase ang le  A (See t h e  

above t a b l e ) .  

(b) The diagrams 

I n  each volume, 2 8  diagrams a r e  p r e s e n t e d  t o  mark out 

t h e  t r a j e c t o r i e s  of t h e  migra t ion  of stars w i t h  d i f f e r e n t  

i n i t i a l  c o n d i t i o n s  and d i f f e r e n t  s t r e n g t h s  of t h e  s p i r a l  

g r a v i t a t i o n a l  f i e l d .  T h e  r e s u l t s  of Contoupolos and Stromgren 

s t r o n g l y  i n d i c a t e  t h a t  t h e  t r a j e c t o r i e s  of t h e  mig ra t ion  of 

stars d i f f e r  a p p r e c i a t i v e l y  f r o m  one ano the r  accord ing  t o  t h e i r  

p r e s e n t  t a n g e n t i a l  space  v e l o c i t i e s ,  b u t  n o t  t h e i r  r a d i a l  

space  v e l o c i t i e s .  The re fo re ,  f o r  each diagram w e  f i x  t h e  pa t -  

t e r n  SFeed ,  and t h e  s p i r a l  f i e l d  s t r e n g t h  and t h e  p r e s e n t  
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r a d i a l  v e l o c i t y  so  t h a t  t h e  n ine  t r a j e c t o r i e s  traced o u t  on 

t h e  diagram r e p r e s e n t  r e s p e c t i v e l y  p r e s e n t  t a n g e n t i a l  v e l o c i t y  

e q u a l  t o  - 3 0 ,  - 2 0 ,  -10, 0, 1 0 ,  2 0 ,  and 30 km/sec. The 

l o c a t i o n  of each s t a r  r e l a t i v e  t o  t h e  s p i r a l  p a t t e r n  i s  i n d i -  

cated i n  each diagram, and a number i s  a s s igned  t o  each t r a -  

j e c t o r y  t o  r eco rd  t h e  t i m e .  The i n t e r v a l  f o r  two s u c c e s s i v e  

numbers on t h e  same t r a j e c t o r y  corresponds t o  50 m i l l i o n  y e a r s .  

The n o t a t i o n  a t  t h e  bottom of each diagram may be 

i n t e r p r e t e d  as fo l lows:  

ETA rl 

ALPHA 2 / tan  i 

wo % 

W P  

pll 

The shaded a r e a s  i n  t h e  diagrams a re  t h e  t h e o r e t i c a l  

l o c a t i o n s  of t h e  Pe r seus  A r m ,  t h e  S a q i t t a r i u s  A r m  and t h e  

Norma-Scutum A r m  and t h e i r  ex tens ions .  
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Caption of Figures  

F igu re  1. Comparison between t h e  t h e o r e t i c a l  p a t t e r n  con- 

s t r u c t e d  a t  t h e  p a t t e r n  speed equa l  t o  11.5 km/sec-kpc 

( e q u i v a l e n t  t o  13 .5  km/sec-kpc when t h e  e f f e c t s  of 

f i n i t e  t h i c k n e s s  and t he  presence  of t h e  gas  are 

inc luded)  and a loga r i thmic  s p i r a l  p a t t e r n  w i t h  a 

p i t c h  angle  e q u a l  t o  6'?2 (dash l i n e ) .  
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